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Consider a large domain Dy := (N - D) N Z% where D is a “reasonable”
bounded open set of R?, d > 3.
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Simple random walk trapped in a large domain

Consider a large domain Dy := (N - D) N Z% where D is a “reasonable”
bounded open set of R?, d > 3.
Let P be the law of SRW on Z? and R; := {Sp, ..., S;}.

Question: what is the local geometry of R, under P(-|R¢y C Dn)?
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bounded open set of R?, d > 3.
Let P be the law of SRW on Z? and R; := {Sp, ..., S;}.
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We look at Ry, N Ax with Ay = (N -A)NZ? C Dy.
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Simple random walk trapped in a large domain

Consider a large domain Dy := (N - D) N Z% where D is a “reasonable”
bounded open set of R?, d > 3.
Let P be the law of SRW on Z? and R; := {Sp, ..., S;}.

Question: what is the local geometry of R;, under P(-|R:y, C Dn)?
We look at Ry, N Ax with Ay = (N -A)NZ? C Dy.

Two observations:

— We can group excursions into
mostly independent packs.
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Simple random walk trapped in a large domain

Consider a large domain Dy := (N - D) N Z% where D is a “reasonable”
bounded open set of R?, d > 3.
Let P be the law of SRW on Z? and R; := {Sp, ..., S;}.

Question: what is the local geometry of R;, under P(-|R:y, C Dn)?
We look at Ry, N Ax with Ay = (N -A)NZ? C Dy.

Two observations:

— We can group excursions into
mostly independent packs.

— Conditioning creates an
effective (time-dependent) drift.
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The confined walk

By standard Markov theory, we can define the confined walk: a Markov chain
with transitions py (z,y) 1= Tlir_{_l P.(S1 =y|Rr C Dy).
— 400
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The confined walk

By standard Markov theory, we can define the confined walk: a Markov chain
with transitions py (z,y) 1= Tlir_{_l P.(S1 =y|Rr C Dy).
— 400

Write Py = Pp,, the transition matrix of SRW killed on 0D y:
v:177:U€-DN7 PN(xay):ﬁ]l{zNy}
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The confined walk

By standard Markov theory, we can define the confined walk: a Markov chain
with transitions py (z,y) 1= Tlir_{_l P.(S1 =y|Rr C Dy).
— 400

Write Py = Pp,, the transition matrix of SRW killed on 0D y:
v:177:U€-DN7 PN(xay):ﬁ]l{zNy}
Perron-Frobenius: Ay largest eigenvalue of Py, with eigenvector ¢y .

1
Pnén =AnoN Nd Z Px(z) =1.
z€DN
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The confined walk

By standard Markov theory, we can define the confined walk: a Markov chain
with transitions py (z,y) 1= Tlir_{_l P.(S1 =y|Rr C Dy).
— 400

Write Py = Pp,, the transition matrix of SRW killed on 0D y:
V%?J € Dy, PN(J’. y) Qd]]-{zrvy}
Perron-Frobenius: Ay largest eigenvalue of Py, with eigenvector ¢y .

Pnon = AnoN % Z PN (2) =

z€DN
We then have

Ay on(y) 1 on(y)
PV = B () ) T2 o)
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By standard Markov theory, we can define the confined walk: a Markov chain
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Write Py = Pp,, the transition matrix of SRW killed on 0D y:
V%?J € Dy, PN(J’. y) Qd]]-{zrvy}
Perron-Frobenius: Ay largest eigenvalue of Py, with eigenvector ¢y .
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The confined walk is the random walk on the conductances

en(z,y) = dn ()N (y)-
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The confined walk

By standard Markov theory, we can define the confined walk: a Markov chain
with transitions py (z,y) 1= Tlir_{_l P.(S1 =y|Rr C Dy).
— 400

Write Py = Pp,, the transition matrix of SRW killed on 0D y:
V%?J € Dy, PN(J’. y) Qd]]-{zrvy}
Perron-Frobenius: Ay largest eigenvalue of Py, with eigenvector ¢y .

Pnon = AnoN % Z PN (2) =

z€DN
We then have

Ay on(y) 1 on(y)
PV = B () ) T2 o)

The confined walk is the random walk on the conductances

en(@,y) = on(@)on (y)-
We write Ry, (tn) its range up to time ¢y . ZN
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Random interlacements

Let W be the set of bi-infinite transient nearest-neighbour paths in Z%:

W .= {’UJZZ-}Zd VZEZ, Wi41 ~ W; and lim ‘wz‘:‘FOO}
i|—+o0

lil—

and let W stand for W quotiented by time shift.
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Random interlacements

Let W be the set of bi-infinite transient nearest-neighbour paths in Z%:

W = {w:Z—>Zd : Vi € Z, wir1 ~w; and  lim  |w;| :—|—oo}.
|i] =400
and let W stand for W quotiented by time shift.
One can define a measure v which is “uniform” on W.

Definition

The random interlacements is the trace of a Poisson point process x on
W x R4 with intensity measure v ® du:
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Definition

The random interlacements is the trace of a Poisson point process x on
W x R4 with intensity measure v ® du:

X=Z5(w1,uj) ) ={w/(Z) : (w/,u;) € x and u; < u}.
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Random interlacements

Let W be the set of bi-infinite transient nearest-neighbour paths in Z%:

W = {w:Z—>Zd : Vi € Z, wir1 ~w; and  lim  |w;| :—|—oo}.
|i] =400
and let W stand for W quotiented by time shift.
One can define a measure v which is “uniform” on W.

Definition

The random interlacements is the trace of a Poisson point process x on
W x R4 with intensity measure v ® du:

X=Z5(w1,uj) ) ={w/(Z) : (w/,u;) € x and u; < u}.

For h : Z% — (0, 400), we can define a measure v" on weighted paths with

edge weights c”(z,y) = h(x)h(y), and the corresponding %, (u).

LPSM

Nicolas Bouchot Confined walk & interlacements



Random interlacements

Let W be the set of bi-infinite transient nearest-neighbour paths in Z%:

W = {w:Z—>Zd : Vi € Z, wir1 ~w; and  lim  |w;| :—|—oo}.
|i] =400
and let W stand for W quotiented by time shift.
One can define a measure v which is “uniform” on W.

Definition

The random interlacements is the trace of a Poisson point process x on
W x R4 with intensity measure v ® du:

X=Z5(w1,uj) ) ={w/(Z) : (w/,u;) € x and u; < u}.

For h : Z% — (0, 400), we can define a measure v" on weighted paths with

edge weights c”(z,y) = h(x)h(y), and the corresponding %, (u).

We want h = ¢y near Ay, but we need to “extend” ¢y to Z¢. 42,
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Define ¥y = ¢y on A5, = {:r € Dy : d(z,ANn) < EN}, and 1 elsewhere.
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Theorem (B. 2025+ — arXiv:2405.14329)
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Define ¥y = ¢y on A5, = {:E € Dy : d(z,ANn) < EN}, and 1 elsewhere.

Theorem (B. 2025+ — arXiv:2405.14329)

Let § € (0,1) and assume ty > N0, We set
Uy = tN/)\NNd 5 €N:N76/4.

Then, there is a coupling Qn of Ry, (tn) and Fu, ((1 £en)un) such that,
for all N large enough we have

Confined walk & interlacements



Statement of the coupling

Define ¥y = ¢y on A5, = {x € Dy : d(z,ANn) < EN}, and 1 elsewhere.

Theorem (B. 2025+ — arXiv:2405.14329)

Let § € (0,1) and assume ty > N0, We set
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Statement of the coupling

Define ¥y = ¢y on A5, = {x € Dy : d(z,ANn) < EN}, and 1 elsewhere.

Theorem (B. 2025+ — arXiv:2405.14329)

Let § € (0,1) and assume ty > N0, We set

UN Z:tN/)\NNd 5 €N:N76/4.

Then, there is a coupling Qn of Ry, (tn) and Fu, ((1 £en)un) such that,
for all N large enough we have

NAN §R¢N(tN)ﬂAN - NAyn,

with Qx-probability at least 1 — cre~2N".
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Define ¥y = ¢y on A5, = {:E € Dy : d(z,ANn) < EN}, and 1 elsewhere.
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Excursion decomposition of random interlacements

Consider K C Z¢ finite, and define

cap"(K) = Y P!(8), 85, ¢ K).

reEK

with P” the law of the random walk on conductances c¢"(x,y) = h(x)h(y).
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Excursion decomposition of random interlacements

Consider K C Z¢ finite, and define

cap"(K) = Y P!(8), 85, ¢ K).

reEK

with P” the law of the random walk on conductances c¢"(x,y) = h(x)h(y).
S (u) N K can then be constructed in the following way:
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Excursion decomposition of random interlacements

Consider K C Z¢ finite, and define

cap"(K) = Y P!(8), 85, ¢ K).

reEK

with P” the law of the random walk on conductances c¢"(x,y) = h(x)h(y).
S (u) N K can then be constructed in the following way:

Draw Nt ~ P (ucap(K))
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Excursion decomposition of random interlacements

Consider K C Z¢ finite, and define

cap"(K) = Y P!(8), 85, ¢ K).

reEK

with P” the law of the random walk on conductances c¢"(x,y) = h(x)h(y).
S (u) N K can then be constructed in the following way:

Sample (Xg)jgN; ii.d. according to
e (z) =Py(S1, 82, ¢ K)
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Excursion decomposition of random interlacements

Consider K C Z¢ finite, and define

cap"(K) = Y P!(8), 85, ¢ K).

reEK

with P” the law of the random walk on conductances c¢"(x,y) = h(x)h(y).
S (u) N K can then be constructed in the following way:

=

N

For each j € {1,..., N}, start a RW
from X7 according to P",
0
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Excursion decomposition of random interlacements

Consider K C Z¢ finite, and define

cap"(K) = Y P!(8), 85, ¢ K).

reEK

with P” the law of the random walk on conductances c¢"(x,y) = h(x)h(y).
S (u) N K can then be constructed in the follovvlng way:

=

N

For each j € {1 , N} start a RW
according to P ( 1Sy, € K). N

LPSM
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Introduced by Popov & Teixeira (2015) to decorrelate random interlacements.
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Coupling using soft local times

Introduced by Popov & Teixeira (2015) to decorrelate random interlacements.

Main idea: construct the range of any Markov chain ¢ on a finite state space
3} from a single Poisson point process n on % x Ry.
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Coupling using soft local times

Introduced by Popov & Teixeira (2015) to decorrelate random interlacements.

Main idea: construct the range of any Markov chain ¢ on a finite state space
3} from a single Poisson point process n on % x Ry.

Theorem ((v]ernj', Teixeira ; 2016)

Consider ¢ a Markov chain on ¥ with invariant probability 7, and (U;) i.i.d.
with law . Then, there is a coupling such that

P({UL37" C{GHL, S U™ ) 21— 6m).
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Introduced by Popov & Teixeira (2015) to decorrelate random interlacements.

Main idea: construct the range of any Markov chain ¢ on a finite state space
3} from a single Poisson point process n on % x Ry.

Theorem ((v]ernj', Teixeira ; 2016)

Consider ¢ a Markov chain on ¥ with invariant probability 7, and (U;) i.i.d.
with law . Then, there is a coupling such that

P({UL37" C{GHL, S U™ ) 21— 6m).

Markov chains here: entrance and exit points of paths inside Ay .

Confined walk & interlacements



Coupling using soft local times

Introduced by Popov & Teixeira (2015) to decorrelate random interlacements.

Main idea: construct the range of any Markov chain ¢ on a finite state space
3} from a single Poisson point process n on % x Ry.

Theorem ((v]ernj', Teixeira ; 2016)

Consider ¢ a Markov chain on ¥ with invariant probability 7, and (U;) i.i.d.
with law . Then, there is a coupling such that

P({UL37" C{GHL, S U™ ) 21— 6m).

Markov chains here: entrance and exit points of paths inside Ay .

Confined walk & interlacements



Coupling using soft local times

Introduced by Popov & Teixeira (2015) to decorrelate random interlacements.

Main idea: construct the range of any Markov chain ¢ on a finite state space
3} from a single Poisson point process n on % x Ry.

Theorem ((v]ernj', Teixeira ; 2016)

Consider ¢ a Markov chain on ¥ with invariant probability 7, and (U;) i.i.d.
with law . Then, there is a coupling such that
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Markov chains here: entrance and exit points of paths inside Ay .

Confined walk & interlacements



A sketch of the proof

Confined walk & interlacements



A sketch of the proof

First task: determine the invariant measures and show that 7¥ ~ 7<.

Confined walk & interlacements



A sketch of the proof

First task: determine the invariant measures and show that 7¥ ~ 7<.

— use the ergodic theorem for the confined walk, and the independence
structure of interlacements.

Confined walk & interlacements



A sketch of the proof

First task: determine the invariant measures and show that 7¥ ~ 7<.

— use the ergodic theorem for the confined walk, and the independence
structure of interlacements.

The error of the coupling is then at most

° o 2.2
—cned —cnen T o (2)°en/k(en)
Z Z (6 +e + exp Tr‘;ix Varﬂ—o [po( ., Z)]

o=Y,7Z zeX¥
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A sketch of the proof

First task: determine the invariant measures and show that 7¥ ~ 7<.

— use the ergodic theorem for the confined walk, and the independence
structure of interlacements.

The error of the coupling is then at most

o o 2.2
—cned —cnen T o (2)°en/k(en)
Z Z (6 +e + exp e Varﬂo [po( - Z)]

o=Y,Z z€X mix

We need to get estimates on mixing times and variances.
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First task: determine the invariant measures and show that 7¥ ~ 7<.

— use the ergodic theorem for the confined walk, and the independence
structure of interlacements.

The error of the coupling is then at most

o o 2.2
—cned —cnen T o (2)°en/k(en)
Z Z (6 +e + exp e Varﬂo [po( - Z)]

o=Y,Z z€X mix

We need to get estimates on mixing times and variances.
— use coalescent coupling and confined /tilted walk estimates.
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A sketch of the proof

First task: determine the invariant measures and show that 7¥ ~ 7<.

— use the ergodic theorem for the confined walk, and the independence
structure of interlacements.

The error of the coupling is then at most

o o 2.2
—cned —cnen T o (2)°en/k(en)
Z Z (6 +e + exp e Varﬂo [po( - Z)]

o=Y,Z z€X mix

We need to get estimates on mixing times and variances.
— use coalescent coupling and confined /tilted walk estimates.

Finally: determine the right time n, i.e. the number of excursions.
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A sketch of the proof

First task: determine the invariant measures and show that 7¥ ~ 7<.

— use the ergodic theorem for the confined walk, and the independence
structure of interlacements.

The error of the coupling is then at most

o o 2.2
—cned —cnen T o (2)°en/k(en)
Z Z (6 +e + exp e Varﬂo [po( - Z)]

o=Y,Z z€X mix

We need to get estimates on mixing times and variances.
— use coalescent coupling and confined /tilted walk estimates.

Finally: determine the right time n, i.e. the number of excursions.
— choose uy = u(ty) to have NEW (t5) ~ N R (up).
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An application: covering time of the confined walk

Covering time: €x(Ay) =inf{t > 1 : Ay C Ry ()}
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An application: covering time of the confined walk

Covering time: €x(Ay) =inf{t > 1 : Ay C Ry ()}

Theorem (B. 2025+ — in preparation)
Recall Ay = (N - A)NZ2. In probability, as N — +oo,

En(AN) ~ caay'N¥log |[An| with oy = inR@Q(m),
EAS

@ is the principal Laplace eigenfunction with Dirichlet boundary condition.
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The main reason: we can prove |pn — ¢(-/N)|oo — 0.

Confined walk & interlacements



An application: covering time of the confined walk

Covering time: €x(Ay) =inf{t > 1 : Ay C Ry ()}

Theorem (B. 2025+ — in preparation)
Recall Ay = (N - A)NZ2. In probability, as N — +oo,

En(AN) ~ caay'N¥log |[An| with oy = inR@Q(m),
EAS

@ is the principal Laplace eigenfunction with Dirichlet boundary condition.

The main reason: we can prove |pn — ¢(-/N)|oo — 0.

The main idea: use coupling to study cover level of interlacements.

Confined walk & interlacements



An application: covering time of the confined walk

Covering time: €x(Ay) =inf{t > 1 : Ay C Ry ()}
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~» explicit law of covering time + decorrelation inequalities.
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An application: covering time of the confined walk

Covering time: €x(Ay) =inf{t > 1 : Ay C Ry ()}

Theorem (B. 2025+ — in preparation)
Recall Ay = (N - A)NZ2. In probability, as N — +oo,

En(AN) ~ caay'N¥log |[An| with oy = inR@Q(m),
EAS

@ is the principal Laplace eigenfunction with Dirichlet boundary condition.

The main reason: we can prove |pn — ¢(-/N)|oo — 0.

The main idea: use coupling to study cover level of interlacements.
~» explicit law of covering time + decorrelation inequalities.

Under stronger assumptions on A, we also get the convergence of the late

points:

Z 6z - 1{Hy > cqay ' N%(log |An|+s)} # PPP(e *uy).
— T 00

rEAN LPSM
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convergence towards .
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Two motivations: understand the confined walk + replace ¢n with ¢(-/N).
With Q. Berger, we investigated the regularity of ¢ and its rate of
convergence towards .

Write D; f(z) = 3 (f(z+€;) — f(z — e;)) and Dy, i, = D, -+ D;,.
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About the eigenvector ¢y

Two motivations: understand the confined walk + replace ¢n with ¢(-/N).
With Q. Berger, we investigated the regularity of ¢ and its rate of
convergence towards .

Write D; f(z) = 3 (f(z+€;) — f(z — e;)) and Dy, i, = D, -+ D;,.

Theorem (Berger & B. 2025+ — arXiv:2408.15858)

There are constants Cp,Cp > 0 such that, for any k > 1 and any
i1,...,0k € {1,...,d}, for any x € QN we have

on(@) < 22PN p, o) <

<c];§l;>’f (d(x, () ) o
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About the eigenvector ¢y

Two motivations: understand the confined walk + replace ¢n with ¢(-/N).
With Q. Berger, we investigated the regularity of ¢ and its rate of
convergence towards .

Write D; f(z) = 3 (f(z+€;) — f(z — e;)) and Dy, i, = D, -+ D;,.

Theorem (Berger & B. 2025+ — arXiv:2408.15858)

There are constants Cp,Cp > 0 such that, for any k > 1 and any
i1,...,0k € {1,...,d}, for any x € QN we have

on(@) < 22PN p, o) <

<c];§l;>’f (d(x, () ) o

Theorem also works for ¢(-/N), both versions use a Feynman-Kac
representation of ¢y, ¢.
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About the eigenvector ¢y

Two motivations: understand the confined walk + replace ¢n with ¢(-/N).
With Q. Berger, we investigated the regularity of ¢ and its rate of
convergence towards .

Write D; f(z) = 3 (f(z+€;) — f(z — e;)) and Dy, i, = D, -+ D;,.

Theorem (Berger & B. 2025+ — arXiv:2408.15858)

There are constants Cp,Cp > 0 such that, for any k > 1 and any
i1,...,0k € {1,...,d}, for any x € QN we have

on(@) < 22PN p, o) <

(Cﬁf)k (d(x, () ) o

Theorem also works for ¢(-/N), both versions use a Feynman-Kac
representation of ¢y, ¢.

Main tool: “multi-mirror” coupling in order to pair 2 SRW/BM so that each
pair coalesce before exiting the ball Br with probability > 1 — R,
A

LPSM
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Thank you for your
attention!



